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1. INTRODUCTION

EXPONENTIAL FAMILIES

Versatile family of probability densities: Binomial, multinomial (frequency histogram), Poisson, Gaussian, Rayleigh, Gamma, Beta, Dirichlet, Weibull, etc.

ENTROPY AND RELATIVE ENTROPY

Shannon entropyH(P ) =
∫

p(x) log 1
p(x)dx = − ∫ p(x) log p(x)dx = EP [− log p(x)]

Kullback-Leibler divergenceKL(p(x)||q(x)) = ∫

x p(x) log
p(x)
q(x)dx = EP

[

log p(x)
q(x)

]

, rewritten asKL(p(x)||q(x)) = H×(p(x)||q(x))−H(p(x)) ≥ 0 with H×(p(x)||q(x)) = ∫

x p(x) log
1

q(x)dx

2. EXPONENTIAL FAMILY
Probability measure

Parametric Non-parametric

Exponential families Non-exponential families

Uniform Cauchy Lévy skew α-stable

Univariate Multivariate

uniparameter multi-parameter

Dirichlet Weibull

GaussianRayleigh

Bernoulli

Binomial

Exponential

Poisson

Gamma ΓBeta β

Bi-parameter

Multinomial

Canonical decomposition:pF (x; θ) = exp(〈t(x), θ〉 − F (θ) + k(x)), with 〈x, y〉 = xTy

3. RELATIVE ENTROPY: BREGMAN

DIVERGENCE
For memberspF (x; θp) andpF (x; θq) of the same exponential family, the relative entropy
is always in closed-form.
Computed as a Bregman divergence on swapped natural parameters:

BF (p||q) = F (p)− F (q)− 〈p− q,∇F (q)〉

KL(pF (x; θp)||pF (x; θq)) =
∫

x
pf(x|θp) log

pF (x|θp)
pF (x|θq)

dx = BF (θq||θp)

Note that finite discrete distributions (say, ofd events) are exponential families in dis-
guise: Those distributions are precisely multinomials with d− 1 degrees of freedom.

4. ENTROPY

KL(p||q) = BF (θq||θp)
= F (θq)− F (θp)− 〈θq − θp,∇F (θp)〉

KL(p||q) = F (θq)− 〈θq,∇F (θp)〉
︸ ︷︷ ︸

∼H×
F (θp||θq)

− (F (θp)− 〈θp,∇F (θp)〉)
︸ ︷︷ ︸

∼HF (θp)

H(P ) = HF (θp) = F (θp)− 〈θp,∇F (θp)〉 + b

SinceH(p) ≥ 0, we necessarily haveb ≥ 〈θp,∇F (θp)〉 − F (θp). rightarrow compare
exactly the entropy of two members of the same exponential family since the constant
termb vanishes.

b = −
∫

k(x)pF (x; θ)dx = −E[k(x)]

5. AN EXAMPLE
Rayleigh distribution

p(x;σ2) =
x

σ2
exp

(

− x2

2σ2

)

F (θ) = − log(−2θ), natural parameterθ = − 1
2σ2, sufficient statistict(x) = x2, gradient

F ′(θ) = −1
θ

and carrier measurek(x) = log x. LetX ∼ Rayleigh(σ2), we have:

H(X) = 1 + ln
σ√
2
+
γ

2
,

whereγ = 0.57721566... stands for the Euler-Mascheroni constant. This is the term
related to the carrier measurelog x integrated over the distribution.

6. RESULTS AND GEOMETRIC INTERPRETATION

⇒ compare exactly Shannon entropy of members of the same exponential families.

θp

F

θq

F (θp)

F (θq)

BF (θq||θp) = H
×

F (θp||θq)−HF (θp)

−H(θp)

H
×(θp||θq)

⇒ Results related to maximum entropy and mixture of exponential families

Implementations available at:
http://www.informationgeometry.org/MEF/


