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1. INTRODUCTION

EXPONENTIAL FAMILIES

Versatile family of probability densities: Binomial, mutomial (frequency histogram), Poisson, Gaussian, Rgylésamma, Beta, Dirichlet, Weibull, etc.

ENTROPY AND RELATIVE ENTROPY

Shannon entropyi (P) = [ p(x) log Zﬁdx = — [p(x)logp(x)dx = Ep|— log p(x)]

Kullback-Leibler divergenc&L(p(z)||¢(z)) = [. p(x) log 22dz = Ep [log M}, rewritten askL(p(z)||q(x)) = H*(p(z)||q(x)) — H(p(x)) > 0 with H*(p(z)||q(x)) = [, p(x)log —~dx
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4. ENTROPY
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2. EXPONENTIAL FAMILY

Probability measure

Parame tric Non-parametric KL(p Hq) — BF (99‘ ’919)
= F(04) — F(bp) — (0y — bp, VF(0))

Exponential families Non-exponential families

Univariate Multivariate N ~ N\

KL(pllg) = £(8) — (04, VE(0,)) — (£(0p) — (6, VE(6,)))

\ Uniform Cauchy Lévy skew a-stable ~H ; (9p| |9q> ~H F<9p>
unip/arameter Bi-parameter multiparameter\ H(P) _ HF(Hp) _ F(Hp) o <9p, VF(Hp)> + b
T — Beta 5] \ [Gamma T Multinomial | [ Dirichlet ] [Weibull SinceH (p) > 0, we necessarily have> (6, VF(0,)) — F(6,). rightarrow compare
/ exactly the entropy of two members of the same exponentmailyssince the constant
Bernou 11i Poisson term b Vanlshes
Exponential | | Rayleigh Gaussian
Canonical decompositiomiz(x; 0) = exp({t(z),0) — F(0) + k(x)), with (z,y) = 21y b= — / k(x)pp(x; 0)de = —Ek(x)
3. RELATIVE ENTROPY. BREGMAN 5. AN EXAMPLE
Rayleigh distribution
DIVERGENCE eio®) = S ()
For members(z; 0,) andpr(z; 0,) of the same exponential family, the relative entropy | 0 20°

IS always in closed-form.
Computed as a Bregman divergence on swapped natural paramet

= — log(—26), natural parametet = —-;, sufficient statisti¢(z) = =%, gradient
F'(9) = —5 and carrier measurigx) = log z. Let X ~ Rayleigh(c?), we have:

o
HX)=14+Inh—+ -,
Br(pllg) = F(p) — Fla) — (p — 0. VF(q)) (X)=1+hop+s
where~ = 0.57721566... stands for the Euler-Mascheroni constant. This Is the term
pr(x|6,) related to the carrier measurg x integrated over the distribution.

KL(pr(z;6,)|lpr(z: 6,) = | ps(l0,)log dz = Br(6,6,)

Pr(z|0g)

Note that finite discrete distributions (say,@&vents) are exponential families in dis-
guise: Those distributions are precisely multinomialwit- 1 degrees of freedom.

6. RESULTS AND GEOMETRIC INTERPRETATION
= compare exactly Shannon entropy of members of the same expalfamilies.

— Results related to maximum entropy and mixture of expoaefamilies



